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Abstract 

The evolution of a probe D-brane in the p-brane background has been 
considered. The anisotropic evolution of the world- volume of the D-brane 
with a given topology of a world-volume in a form of a direct product 
of a n-dimensional flat space and (3 — n)-dimensional sphere has been 
obtained. In this case the anisotropy is described with the aid of two pa- 
rameters (Hubble parameters). The special case of this evolution, namely 
the isotropic evolution corresponds to equality of these two parameters. 
In the latter case the masses and charges of the background p-branes have 
been derived. 

PACS : ll.25.-w ; 11.27.-fd 

Keywords : D-branes, p-branes, Hubble parameters 

1 Introduction 

The motion of the D-branes in the diversity backgrounds has been considered 
in the variety of papers e.g. [1-5]. The appUcations D-branes to the cosmology 
and gravity are also widely discussed e.g. [2-4]. In these approaches a back- 
ground is fixed by the solutions of the superstring theory approximated by a ten 
dimensional supergravity. In type II superstring theory the background fields 
in the bosonic sector are given by a ten dimensional metric, a dilaton and an 
antisymmetric field B which come from the NS sector. The sector RR gives 
antisymmetric fields represented by p-forms. In this approximation a Dp-brane 
is a p-dimensional submanifold embedded in the background. Then the motion 
of the D-brane in the ten dimensional spacetime is determined from the action 
which consists of Dirac-Born-Infeld (DBI) term and WZW-like term. In the 
string theory the D-brane is the place where open strings terminate. In the 
world-volume of the D-brane the fields are realized by two mechanism. The 
first one is related to the ends of the open strings and the second one is re- 
lated to the pull-backs of the background fields from NS and RR sectors to 
the world-volume. The former realization gives the fields which in same cases 
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corresponds to the content the Standard Model (SM). Hence one can consider 
the world-volume of the brane as a model of the universe. The second mech- 
anism is related to the realization gravity in the world-volume. The graviton 
and other fields from NS and RR sectors arc not confined to the world- volume 
(as the fields of SM) but propagate in the extra dimensions perpendicular to 
the brane. These extra dimensions can have big sizes e. g.[6-9] or their sizes 
are compact and small. In the last case one has to compactificate six spatial 
dimmensions. The extra dimensions warp on cycles of a compact internal mani- 
fold. The topology and the geometry of this internal manifold is constrained by 
the consistency conditions such as a siipersymmctry. In the case when fluxes in- 
duced by the fields from NS and RR sectors vanish and supersymmetry is = 2 
in four dimensional Minkowski spacetime, then the internal manifold is Calabi- 
Yaii. Non-vanishing fluxes break supersymmetry and the internal manifold is 
deformed so the Calabi-Yau manifold is replaced by the generalized complex 
manifold [10-14]. 

The D-brane is considered as an embedded submanifold in the ten-dimensional 
spacetime with nontrivial backgrounds fields. The effective theory is described 
by the Dirac-Born-Infeld (DBI) action, which determine the motion in the space- 
time. From the D-brane point of view this motion is interpreted as the evolution 
of the world- volume of the brane. In the D-brane models of the universe all fields 
and particles of the Standard Model are fixed to the world-volume. Thus evo- 
lution of D-brane corresponds to cosmological evolution for the observer fixed 
to the world-volume. 

The aim of this paper is determination of the backgrounds and their pa- 
rameters which arc compatible with the observed isotropy of expansion of the 
universe. This condition is expressed by the Hubble parameters. We consider 
the cosmological evolution of a probe Dk-brane with the DBI action in the 
backgrounds of p-branes. The probe Dk-brane means that the backreactions 
are neglected. We assume that the Dk-brane has the topology of the direct 
product of two spaces: one is flat and the second has a constant curvature. In 
this case we will obtain the Hubble parameters for these spaces. These param- 
eters are depend on the tangent and the normal directions to Dk-brane. The 
condition for the equality of these parameters realize isotropy of the expansion. 

In the section 2 we recall the DBI action for a Dk-brane in the backgrounds 
produced by p-branes and derive it equation of motion in given embedding. 
In the section 3 we derive a ratio of the Hubble parameters for k=3. These 
parameters are obtained from the metric on the world-volume of D3-brane. 
This case (k=3) can be considered as a toy cosmological model corresponding to 
3+1 spacetime. The cosmological models derived from M-theory admit warped 
factors which depend on time [15]. On the type IIB string theory side these 
factors correspond to different rates expansion of the tangent directions to a 
D3-brane. The section 4 is devoted to conclusions. 
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2 D-brane evolution 



In this section we consider the motion of a Dk-brane. The Dk-brane action is 
described by the DBI action: 

S=-Tkj d'^+He-^^- dct(7^, + 2na'F^, + B^,)+Tk j ^ I(,)Ae2-«'^+^, 

(2.1) 

where is the pull back of the background metric, B^^ is the pull back of 
the background the NS 2-form, F^i, is the strength of the abclian gauge field 
on the worldvolume and are pull-back of the background i-forms with 
odd (even) degrees: i = 1, 3, 5, 7 (i = 0, 2, 4, 6, 8) in the Type IIA (IIB) theory. 
We consider the background solutions with the symmetry group R'^ x _E(g_p) x 
SO (p + 3), where -E'(6_p) is the Euclidean group. They are given by [16, 17, 18, 
19]: 

• the metric: 

(2.2) 

where: 

(Zf2p_|_2 is the metric on a (p-|-2)-dimensional sphere 6"^+^ : 

(ir2p_i_2 = hrsd9^d9^, 
r,s = 1, ...,p+ 2 and i = 1, ...6 — p, 

• the gauge strength F = dA(^p_^.l•^ : 

F=(p+l)(r+r_)(^+'^/'£p+2, (2.3) 
ep+2 is the volume form on 5^+^, 

• the dilaton field: 

g-20^^a^ (2.4) 

where = (3 - p)^ /4. 

The topological charge ge-p and the mass me-p of the background are ex- 
pressed by r+, r_ : 

.e-.= ^^^^(.+ l)(...-)^-^'^ (2.5) 
me-p = """^[^JP [ip + 2) rf 1 - rl^'] . (2.6) 
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The above solution becomes the BPS state for r+ = r_ = i? with the metric: 
rfs^ = A'^^ {-dt'^ + dXidX') + (V + , (2-7) 

where p is related to r as follows: p^^^ = r^^^ — and A = 1 + (R/p)^'^^. 

We have considered this background solution since they are general and for 
p = 3 the last metric has the form used in the warp compactification. 

In the general case the Dk-brane and D(6-p)-brane do not intersect if their 
spatial dimensions obey the relation: 

6 > fc + 6 — p. 

We denote the background coordinates as follows: 

= {t,X\...,X^-P,r,cp\...,cpP+^), 

where (p^, ...,(pP~^'^ are coordinates on the sphere 5*^+^, so r and </j-^, 
span the transverse directions to the (6-p)-brane. The Dk-brane propagating 
in this background has n-directions parallel to (6-p)-brane and k — n directions 
perpendicular to (6-p)-brane where the number n is given by [1]: 

n < no = min(fc, 6 — p). (2.8) 

We will consider free falling Dk-brane in its rest frame with the proper time 
T. We assume that r is always transverse to Dk-brane and Dk-brane has the 
topology of the direct product: 

where is some n-dimensional flat space and 5*^"" is (k-n)-dimensional sphere. 
Thus the embedding field has the form: 

(r) = (t (r) , e, e, X^+\ X<5-f , r (r) , e\ (r) , (r)) , 

1 u- ^^-^^ 
where ^" are coordinates on Vn and 6 ,...,0 " are coordinates on S'' 

The induced metric 7^^, on the world-volume by the embedding (2.9) has the 

form: 

7oo = -A+A_ « t +A;1a!^ r +r''hj^<fv, (2.10) 

7„6 = AT6ab, (2.11) 

^ab = r%p (2.12) 

where r, s = k — n+l,...,p+2 , a,b= 1, ...n, and a,b= l,...,k — n. The metrics 
/igg and hrs are expressed by the metric hrs on the sphere 5^+^: 



{hrs) 



{hrs) 
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The dot over coordinates means the derivative with the respect to the proper 
time r. In the case when the background NS form B is zero and the abeUan 
gauge field on the worldvolume vanishes the WZ term in (2.1) takes the form: 



/ 



where the form is given by the pull back of background form A(^t:+i) ■ In 

the considered background the only non-vanishing form is A(^p^i-f = AMa...MpdX^° A 
...dX^p such that (i^(p_|_i) is given by (2.3). Thus WZ term does not vanish if 
k=p and the DBI action takes the form: 



S = -Tkj dTiPid^'-^e (^e-^-det (7^,) - 5k,,>At^ (2. 



13) 



and A = Ao...p. Since the terms in (2.13) do not depend on coordinates ^ we 
get: 

S = -Tkvol (Vn) J drd^-^e (^e-y-det(7^J - Sk,pAt^ . 
In the considered background we obtain: 



^ 1/2 



y-det (7^.) = (t - A;2Al+^r' - A^^A^r^/i^''^'^ 



fe-n^l/2^[5(l-p)+n(l+p)]/16 



det (/l^^). 



(2.14) 



In non-rotating case (p = the action simplifies and takes the form: 

S = -Tkvol (K) J drL, (2.15) 



where the Lagrangian L has the form: 



L = vol (5'=-") t - A-^A 



2aT+F;.^\ ■ a1/2 . [5(l-p)+n(l+p)]/16 



1/2 



a;' "At: 



and w = J d'^ "9 . Variation L with respect to t gives: 



vol (,§'=-") 



1/2 . [5(l-p)+n(l+p)]/16 



•2 LzP .2 

t -A^^A^+^r 



5k,pAw = E, 



6k,pAwt 
(2.16) 

(2.17) 



where £^ is a constant of motion. Thus: 



„2(fc-n) a1/2 A[5(l-p)+n(l+p)]/16 
1 - =^^=^ 5 vol' (S'^ 



A\A_ 



i+p 



(2.18) 
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The proper time r of the Dk-brane is expressed by: 

dT^ = l^jedC = gMNd^X^d,X''d£,^d£r. 

In the rest frame of the Dk-brane and for the considering embedding this proper 
time has the form: 

dr = - I 500 + Qrrr + r h^(p ip j dt , (2-19) 

where: 

500 = -A+AI^, 

. r 

In the non-rotating case ip = Q the derivatives with the respect to the proper 
time r and coordinate time t are related: 

dr\^ f dr\^ f dr^ ^ 



^dt J \ dr J \ dt 
so: 

'dr\ _ goo ( ^\ 



dt 



Prom (2.18) and (2.19) we obtain relation between the radial position and the 
proper time: 



JtJ (£! _ 5k,pAwf -A1+ r'=-"A+/^Alt;oZ2 (5*=-") 

where the exponents are: 

_ -l + 14p-p^ 5(l-p)+n(l+p) 
"~ 8(1 +p) 16 

_3(p2-l0p + 9) -60p + 61 + n{l+pf 

^~ 8(l+p) ' ~ 16(l+p) ■ 

The equation (2.20) has the sense if the right side is greater or equal to zero. 

In the coordinate time t the induced metric on the Dk-brane by the embed- 
ding (2.9) has the form: 

rfs^ = - ^A+A:^ - A;^Af^"V^ - r^/if^''-^'^ dt'^+A^ di^dCWh^-^de^de^ . 

(2.21) 
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Using (2.19) we get: 

ds^ = -dT^ + e'^^d^^d^" + e'^^h^-^de^de^, (2.22) 

where r (r) is the solution of the (2.20) and exp2A = A_* , exp2/3 = r . This 
metric has the form of the Bianchi type for the homogenous space with two 

scale factors namely A_** and r . 

In the conformal time (which is related to r as follows dx° = exp (— A) dr) 
the metric (2.22) reads: 



2 „2A 



ds' = 



(- {dx°f + d^.de) + e^^^h^-^de^de^. (2.22a) 

Then assuming that the evolution of the world-volume seeing by the observer 
fixed to the brane, is governed by the Einstein gravity, the scale factor A and f3 
evolve as follow: 

n (n - 1) (A')^ + 2mnX't3' + m (m - 1) (/3')^ + e^^'^^R = 16ttGToo, (2.23) 

2 (1 - to) a" - 2n(3" + 2n{2- m) A'/3' + (2n + to - to^ - 2) (A')^ 

-n (n + 1) - e'^^-^I^R] dab = IGnGTab, (2.24) 



g2/3-2A 



2 (1 - n) (3" - 2mX" + {2m -mn-n) X'f3' - to (m - 1) (A')^ - n (n - 1) {p'Y h^-^- 



2(^6-0^/^26 =16^^%' (2-25) 



V = ^^, (2-26) 



where m = k — n, the Ricci tensor and the scalar curvature R are obtained 
from the metric h-~j^. The prime means derivative with respect to (e.g. : 

a' = dX/dx'^). The energy-momentum tensor T^,y = ^Too, Tab, T^j^ is given by 

the matter and the fields in the world-volume of the Dk-brane and is defined 
with respect to the metric (2.22a): 

2 dCr, 

where Cm is a Lagrangian density for the matter and the fields in the world- 
volume. Using relations A = exp (A) dA/dr and j3 = exp{X)dl3/dT one can 
rewrite eq. (2.23) as follows: 

n (n - 1) + 2mnHiH2 + m (to - 1) ij| + e'^^^R = IdnGToo, (2.27) 

where Tqo is the energy density in the metric (2.22) related to Tqq as follows: 
^ooe~^^ = Too- The quantities Hi and H2 are Hubble parameters given by: 
Hi = dX/dr and H2 = dp/dr. Hence from the eq. (2.22) follows that the factor 
exp (2A) = A^"*"^^^^ correspods to the evolution in the flat directions ^ while the 
second factor /i^^exp 2/3 = ^"^h-^f; concerns the evolution in the curved directions 
(corresponding to the sphere). 
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3 Hubble parameters 



We have related the metric (2.22) to the two Hubble parameters: 

1 d / i±£\ 



^_16 

H2 = 



dT 

Idr 
r dr^ 



(3.1) 



(3.2) 



where in H2 is assumed isotropic evolution which means that d {h^'g) /dr = 0. 
Then the eq. (3.1) reads: 



Hi = 



16 



dr 



rP+i -rP_+^ dr' 



(3.3) 



where dr/dr is given by (2.20). Thus the ratio of these Hubble parameters is 
given by the relation: 



Hi 
H2 



(p+1) 



16 r-P+i - 



T='n{r)- 



(3.4) 



It depends on the position r of the Dk-brane and r is given by the solution of 
the equation (2.20). In the case when r+ = r_ = i? and the metric on the 
world- volume is given by (2.22) the eq. (2.18) takes the form: 



„2(fe-n) A l/2+[5(l-p)+n(l+p)]/16 

1 - . vol^ iS^-^) 



l+3p 

AW. (3.5) 



The equation (3.5) can be interpreted as a one dimensional particle motion with 
the zero energy in the potential — V{r): 



V{r) 



^2(fe-n)^l/2+[5(l-p)+n(l+p)]/16 
(E + 5k,pAwf 



A 1 + 3? 



Hence V has to be positive and zeros of V gives the turning points. The ratio 
of the Hubble parameters in this case is: 



El 
H2 



16 



2JIP+1 



(3.6) 



We restrict ourselves to the case when k = 3 which corresponds to the D3-brane. 
In this case a,b = 1, ...n, and a,b = 1, 3 — n. From the other side the relation 
between the parameters Hi and H2 is given by the eq. (2.27). Thus in the 
conisdered case we obtain the following equations: 
for n = 0: 



(3.7) 
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for n = 2 



for n ■■ 



for n = 1 

Hi + 2H1H2 + le-^^R = SttGToo, (3.8) 
Hf + 2H1H2 + \e~^^R = SttGToo, (3.9) 

Hi = ^Too. (3.10) 

The cqs. (3.7) and (3.10) arc equations only for and A, respectively. These 
equations govern the isotropic evolution of the world-volume of the D3-brane. 
While the eqs. (3.8) and (3.9) give relation between Hi and H2. One can see 
that the cases n = 1 and n ~ 2 are symmetric, so we focus on the case n = 1. 
Using the equation (3.4) the equation (3.8) takes the form: 

Hi (1 + 2r?) + \e-^^R = SnGToo- (3.11) 

The all ingredients in the above equation are the function of r which evolve 
with respect to the coordinate time t according to the eq.(3.5) which, in the 
considered case (fc = 3), takes the form: 



di 



2(3-n) Al/2+[5(l-p)+n(l+p)]/16 

1 - = . vol^ (^■'*-") 



l + 3p 

AW. (3.12) 



In order to get how change (3.6) in the time t we would like to solve the eq. 
(3.12). These solutions among other depends on the dimension p of the back- 
ground branes. Thus we have to consider each dimension p separately. Although 
in the type IIB the dimensions p are odd we also consider the background pro- 
duced by D-particle, thus p = 0, 1, 3 and 5. The solutions of (3.12) for differend 
p are given below where the number of the non-compact dimensions n is given 
by the condition (2.8). 

For p = (D-particle) the eq. (3.12) gives following result: 



/ 



-t + to, (3.13) 



s/V^yJ 1 - r2(«-/3o) (r - Rf^'^ al 
where 

.-(^)' 

and a = 3 — n , 2(3q = (13 -|- n) /16. The number n of the flat dimensions is: 

n = 0,1,2,3. 

The cases n = and n = 3 correspond to the only one Hubble parameter. 
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For p = 1 (D-string) we get: 

r'^dr 



I 



= t + to, (3.14) 



where 2(3-^ = (9 + 2n) /16. 
For p = 3: 



I 



= t + to, (3.15) 



(r^ - i?4)^/^ V^-r-2(«-^3)^9^S^t;oZ2(53-") 



where 2/3^ = (2n - 1) /8. 

In the both above cases the number n of the flat dimensions is equal to: 

n = 0,1,2,3. 

The first and the last cases correspond to the only one Hubble parameter. 
For p = 5: 



I 



= t + to, (3.16) 



(r6 - i?6)4/3 y/l_j.2(a-/3,)(j.6_ ^6)2/35 ^2 



where 2f}^ = 3(n — 2)/8. The number n of the flat dimensions is equal to: 
n = 0, 1. 

The above integrals are complicated. One can evaluated them in the limit 
when the parameter E goes to infinity (it means that (t„ 0). In this case all 
the above integrals have simply asymptotes: r ^ t. It means that the D3-brane 
and background p-branes does not form bounded system. Thus one can notice 
from (3.6) that: 

„ ( oo p = 

' 7] ^ I i?V4 p=l (3.17) 



H2 r^oo 



p>l 



and T] is singular for all p in r = R. As was mentioned above the considered 
background solutions are right for r > i? and eq. (3.17) is valid for big r. 
Thus the equation (3.11) for big r and the background produced by Dl-branes 
(D-strings) takes the form: 

Hi (^1 + ^i?') + = 87rC?Too. (3.18) 

This equation becomes the ordinary Friedmman equation with the constant 
space curvature QR if i? = 2 which means that Hi = H2 ■ The condition R = 2 
puts a constraint on a topological charge 35 and a mass of a dual D5-branes 
to the background Dl-branes, because R is related to the charge and the mass 
by (2.5) and (2.6). Thus these relations for r+ = r_ = are: 

3vol(S^) ^ 

95 = 7=-^^', (3-18) 

v2k 
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(3.19) 



Thus we get following values of 55 and m^: 



55 = 24\^7rVK, 

m5 = 2Att^/k^. 



(3.15) 



(3.16) 



In the background produced by Dl-branes the condition of the isotropic expan- 
sion leads to the (3.15) and (3.16). 

For p = one can see from (3.17) that the expansion of the flat dimensions 
is much faster than non-flat dimensions. The second posibility for p = is 
following: H2 = which means that the non-flat space is static. For p > 1 the 
non-flat dimensions expand faster than flat or i?i = which means that the flat 
space is static. 

4 Conclusions 

In this paper we have obtained Hublle parameters for Dk-brane embedded in 
the backgrounds produced by the black p-branes. These parameters are related 
to the topology of the Dk-brane: the Dk-brane is represented as the Cartesian 
product of the n-dinierisional flat space and some (n — A;)-dimensional space 
space with the constant curvature (in our case this space is sphere). In general 
case these parameters have different vahics. It means that evolution from the 
point of view an observer fixed to the Dk-brane in the flat and flat directions is 
different. The ratio of these parameters has been obtained in explicit form for 
big values of r. This ratio is equal to one only in one case for p = I (D-strings) 
and for special value of i? = 2. It means that in asymptotic region (r 00) 
and for R = 2 expansion is the same in all directions in the world- volume of the 
D3-brane. In this case the mass and the topological charge are given by eqs. 
(3.15-3.16 ). The above results are valid if D3-brane and background branes 
does not form bounded system. It is true for sufficient big parameter E. In 
general case the ratio rj (eq. (3.4)) depends on the position of the D3-brane. 

The considered model is an example of a toy cosmological model. The ob- 
served isotropic expansion of our universe is realized in this model as the con- 
dition on equality of Hubble parameters. This condition puts constraint on the 
allowed masses and charges of the background D5-branes which are dual to Dl- 
branes. The values of the mass and the charge were obtained under assumption 
that D3-brane has the topology of the direct product of the n-dimensional flat 
space and (3 — n)-dimensional sphere. It will be interesting relate the obtained 
results to the ideas presented in [20]. 

Form the other side in the mirage cosmology [2,3] evolution of the world- 
volume is driven not only by the energy density in the world- volume but also by 
the interactions with the bulk which consist of the fields and the branes coming 
from string theory. The observer fixed to the world-volume does not see the 
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additional dimensions in which the fields and the other branes are propagated, 
and interpretes these interactions as ones with the real fields in the world- 
volume. The geometry (gravity) of the world-volume is given by the induced 
metric and its dynamics is described by the Friedman-like equations with the 
energy density modified by the contribution coming from the bulk. In this paper 
the energy density (Too) obtained from the matter lagrangian density (eq. 2.26) 
is modified by the factor exp (— 2A) which depends on the position of the D3- 
brane in the bulk. Thus in the equations (3.7-3.10) the energy density Tqo 
depends not only on the bare Too but also on position of the D3-brane. From 
the world-volume perspective this phenomena is equivalent to the introducing 
some fictitious matter fields with the energy density given by Tqo. In this way 
the obtained results are related to the mirage cosmology. 
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